Abstract. The self-assembled quantum dots are grown on wetting layers and frequently in an array-like-assembly of many similar but not exactly equal dots. Nevertheless, most simulations disregard these structural conditions and restrict themselves to simulating of a pure single quantum dot. For a reason of numerical efficiency we advocate the effective one-band Hamiltonian with the energy and position dependent effective mass approximation and a finite height hard-wall 3D confinement potential for computation of the energy levels of the electrons in the conduction band. Within this model we investigate the geometrical effects mentioned above on the electronic structure of a pyramidal InAs quantum dot embedded in a GaAs matrix. We find that the presence of a wetting layer may affect the electronic structure noticeably. Furthermore, we establish that in spite of the large band gap of the InAs/GaAs heterostructure if the dots in a vertically aligned array are sufficiently close stacked there is a considerable interaction between their eigenfunctions. Moreover, the eigenfunctions of such an array are quite sensitive to certain structural perturbations.
Introduction
Semiconductor nanostructures have attracted tremendous attention in the past few years because of their unique physical properties and their potential for applications in micro-and optoelectronic devices.
Quantum dots can be produced today by means of the Stranski-Krastanov process which uses the relief of the elastic energy when two materials with a large lattice mismatch form an epitaxial structure. The deposited layer initially grows as a thin two dimensional (2D) wetting layer. As the deposited layer exceeds a critical thickness, the growth mode switches from 2D to 3D leading to the formation of a self-assembled quantum dot on the top of the wetting layer. If the just accrued island is subsequently completely covered with a sufficiently thick layer of the bulk material, the islands formed during the next deposition cycle tend to vertically correlate with the already formed layer. This leads to formation of vertically aligned arrays of quantum dots. Such a formation may be thought of as an artificial molecule and is therefore theoretically interesting for investigation of quantum mechanical coupling ‡ née Markiewicz and transport phenomena. But vertically aligned arrays have also been used to enhance the performance of devices like quantum dot-light emitting diodes, lasers or spectrometers, which suffer from the low gain or responsibility in presence of only one dot layer. As a product of a physical process the dots in an array can slightly differ in shape or size, hence it is an appealing problem if this may affect their electronic properties. Eventually, a new growth mode has been reported in the literature [16] involving deposition of the second layer before the dot has been completely covered by the surrounding material. This results in several new array forms exhibiting a strong coupling between the quantum dots.
Nevertheless, most simulations neglect the effect of the wetting layer (cf. [5, 6, 12, 13, 17, 18, 28, 29] and the literature given therein) and the coupling resulting from the vertical alignment or the alternation of size and shape of the compounds on the electronic structure of a self-assembled quantum dot. This work aims to fill this gap reporting on numerical simulations investigating how the mentioned factors influence the electronic structure of a pyramidal InAs quantum dot embedded in a GaAs matrix.
More recently, experimental evidence of existence of many excited states in the conduction band of InAs/GaAs heterostructures became available e.g. [8, 9, 24] . It generated necessity of better computational models as the established one-band parabolic effective mass theory could not reproduce the experimental results. The eight-band model has been employed for a single dot in [15, 25] but it is in general to costly for more complicated structures or extensive parameter study.
We consider the one-band envelope-function formalism for electrons in the conduction band assuming nonparabolicity for the electron's dispersion relation and an electron effective mass depending on the position and the energy level [1] . The strain is accounted for by the model-solid approach of Van der Walle and Martin [26] . Then the discretization of the Schrödinger equation results in a sparse eigenvalue problem depending nonlinearly on the eigenparameter. Comparing our results with those obtained by other authors with the eight-band model we find the one-band nonparabolic model yields qualitatively similar results at the same time being much less computationally expensive.
Similar experiments exploring the influence of the wetting layer are contained in [20, 21, 22, 23] where the authors assumed an axially symmetric quantum dot and an electron effective mass which does not depend on the energy level. These assumptions lead to linear eigenvalue problems of much smaller dimension. Few authors considered the vertically aligned arrays of cylindrical coaxial quantum dots [14, 19] and [7] a vertically aligned array of pyramidal quantum dots on wetting layer using the anisotropic nonparabolic effective mass approximation. The latter work investigates in the framework of a computationally more involved model the influence of strain, piezoelectricity and indium diffusion resulting in shape and size variation of the compound dots. In contrast, our main focus is the geometrical aspect of electronic coupling, which can be observed already on a simpler but adequate nonparabolic oneband model.
A further essential advantage of the nonparabolic one-band model is that it can be efficiently treated by iterative projection methods [29] allowing for an excessive number of numerical experiments necessary for a parameter study in this work. On the contrary, the authors of [7] report that the convergence of the numerical schema IEOM scales with the inverse of the separation of the eigenvalues, which can be very close in weakly coupled systems and actually due to the symmetry there are even multiple eigenvalues. In order to obtain a satisfactory approximation to the eigenfunction they had to amend their scheme by an additional inverse iteration scheme involving a linear system solve by the biconjugate gradient method. The bad separation of the spectrum does not affect our method which efficiently computes eigenvalues and the corresponding eigenvectors to the desired accuracy using a preconditioner only as good (expensive) as the size of the problem allows for.
Our paper is organized as follows. In Section 2 we introduce the one-band nonparabolic effective mass theory which models the electronic behaviour of the structures we consider i.e. a quantum dot possibly including a wetting layer, being a part of a vertically aligned structure and possibly perturbed in one of the ways described above. The corresponding rational eigenvalue problem and its basic properties are derived in Section 3. Discretization by a Galerkin method yields in all cases a sparse rational matrix eigenvalue problem which also allows a minmax characterization of its eigenvalues and which can be solved by the nonlinear Arnoldi method [29] . In Section 4 after establishing the accuracy of the nonparabolic oneband model in comparison with the eight-band model we present numerical results demonstrating the effect of the wetting layer, vertical alignment and diverse shape and size perturbations on the electronic structure of a quantum dot. The conclusions and some ideas for future research are summarized in the last section.
Position dependent effective mass model
We consider the problem to compute relevant energy states and corresponding wave functions of three dimensional semiconductor nanostructures of the following shapes: quantum dot with and without wetting layer, quantum well, an array of vertically aligned quantum dots on wetting layer where as the case may arise one of the dots has been perturbed in shape or size and four stages of formation of vertically coupled quantum dots introduced in [16] cf. Figure 1 (e)-(h). Each of the structures is embedded in a matrix of different material. For the purpose of modelling, a bounded cuboid matrix is used. We denote by Ω q , Ω m ⊂ R 3 the domain occupied by the structure and the matrix, respectively. A typical example of such a nanostructure is an InAs pyramidal quantum dot grown on a wetting layer, which is embedded in a cuboid GaAs matrix, which we will use in this paper as a basis for all the structures listed above.
We consider the one-band envelope-function formalism for electrons in the conduction band in which the effective Hamiltonian is given bŷ
where is the reduced Planck constant, and ∇ denotes the spatial gradient. Assuming nonparabolicity for the electron's dispersion relation, the electron effective mass m(λ, x) is constant on Ω q and on the matrix Ω m for every fixed energy level λ, and is taken as [1, 3] 
for j ∈ {m, q}, where the confinement potential V j := V | Ωj is piecewise constant, and P j , E g,j and ∆ j are the momentum matrix element, the band gap, and the spinorbit splitting in the valence band for the quantum dot material (j = q) and the matrix (j = m), respectively. The values of the parameters V j and E g,j are altered to account for the relatively large strain in InAs/GaAs heterostructures as described by the "model solid" approach of Martin and Van der Walle [26] .
To determine the relevant energy states and corresponding wave functions φ we have to solve the governing stationary Schrödinger equation
The relevant energy levels are the eigenvalues smaller than the confinement potential. These are also called confined states since the corresponding wave functions mainly live on the quantum dot(s) and eventually wetting layer(s) and rapidly decay outside of the structure. Thus it is reasonable to assume homogeneous Dirichlet conditions φ = 0 on the outer boundary of the matrix as long as the wetting layer is not present. In the latter case the homogeneous Dirichlet boundary conditions are still applicable on the top and the bottom of the matrix (∂Ω h ) but not any more on the side walls (∂Ω v ), which cut through the wetting layer. In [20] the authors suggest to use the homogeneous Neumann boundary conditions ∂φ ∂n = 0 on the side walls of the matrix. We follow this idea as it can be neatly motivated by considering the quantum dot on the wetting layer as a small perturbation of the latter one. Therefore the functions far away from the dot should approach those from the pure wetting layer. Moreover, if we assume the wetting layer to be infinite in both the x and y direction, it becomes a quantum well, a one dimensional structure along the z axis. Therefore the eigenfunctions of such a quantum well do not depend on x and y, φ(x, y, z) = φ(z) and so do not their derivatives. Since, it holds in every point of space ∂φ(x, y, z) ∂x = ∂φ(x, y, z) ∂y = 0, so especially on the boundary ∂Ω v . As we have seen the Neumann boundary conditions on the side-walls of the matrix simulate the physically generic case of an infinite wetting layer, hence they are a consistent and reasonable constraints to pose on the solution.
On the interface between the quantum structure material and the matrix the Ben Daniel-Duke condition [11] holds
Here n q and n m denote the outward unit normal on the boundary of Ω q and Ω m , respectively.
Nonlinear eigenvalue problem
Let Ω :=Ω q ∪ Ω m and H := {ψ ∈ H 1 (Ω) : ψ = 0 on ∂Ω h }, where H 1 (Ω) denotes the usual Sobolev space. Multiplying equation (3) by φ ∈ H and integrating by parts, one gets the variational form of the Schrödinger equation
In a similar way as in [29] it can be shown, that problem (5) has a countable set of positive eigenvalues 0 < λ 1 ≤ λ 2 ≤ · · · → ∞ of finite multiplicity which satisfy a minmax characterization. Namely, for fixed φ = 0 the real equation
has a unique positive solution p(φ). Hence, equation (6) defines a functional p : H \ {0} → R called Rayleigh functional (which generalizes the Rayleigh quotient for linear eigenproblems), and the kth smallest eigenvalue of (5) satisfies
Discretizing the Schrödinger equation (3) with the boundary and interface conditions specified above by a Galerkin method (finite elements, e.g.) one gets a rational matrix eigenvalue problem
where
and φ i denotes a basis of the ansatz space. A q , A m and B are symmetric and positive semi-definite, and M is positive definite, and for λ ≥ 0 the matrix
is positive definite. Hence, the eigenvalues of the discretized problem (8) satisfy a minmax principle as well, and it follows from the minmax characterization (7) of the nonlinear Schrödinger equation that the kth smallest eigenvalue of the discretized problem (8) is an upper bound of the corresponding eigenvalue of problem (3) . Similarly as in [29] problem (8) can be solved safely by the nonlinear Arnoldi method which was introduced and discussed in detail in [27] .
Numerical experiments
A basic building block in our examples is a pyramidal quantum dot of width 12.4nm and height 6.2nm embedded in a cuboid matrix of size 24.8nm×24.8nm×18.6nm. We consider the following structures: a pure quantum dot; a dot on wetting layer of thickness 0.45nm (1.5ML (monolayer)) and 0.6nm (2ML); quantum wells of thickness 1.5 and 2ML; a vertically aligned array of two quantum dots on wetting layer of thickness 1.5ML; an array where the tip of one of the dots has been truncated relatively to the dot's original height by 0.1 . . . 0.5; an array where one of the dots scaled by the factor 0.9 . . . 0.5; four different stages of the formation of vertically coupled quantum dots in Figure 1 (e)-(h). Here following [16] , we chose the thickness of the wetting layer to be 1.5ML. For all structures, the vertical dimension of the matrix is appropriately adjusted to account for the wetting layer, the additional dot and the spacing between the dots preserving the distance of at least 6.2nm between the structure and the top and bottom walls of the matrix (cf. Figure 1) .
In our examples we assume an InAs/GaAs heterojunction and for the nonparabolic effective mass approximation we used following [18, 26] the semiconductor band structure parameters shown in Table 1 . The stain was calculated with the model solid approach of Van der Wall and Martin [26] using the parameters corresponding to < 1, 1, 0 > interface orientation under assumption of dot being a thin layer w.r.t. the matrix. Under these assumptions we found the dot to be under 8.77% of compressive strain resulting in changing of the values of the band gap and the confinement potential as shown in the last two columns in Table 1 . We adapted these values for all the considered structures including wetting layers. interesting energy levels are the ones which are confined to the dot. Since the envelope functions are mainly concentrated on the quantum dot (e.g. for a single pyramid it occupies only less than 3% of Ω) and the wetting layer, and since they decay very rapidly outside the quantum dot/wetting layer structure, we chose a non-uniform grid, which is the finest on the dot-matrix interface, fine on the dot and wetting layer and quite coarse on the matrix.
The arising rational matrix eigenvalue problems were solved under MATLAB 7.3.0 on an Intel Xeon processor with 8 GByte RAM and 3.4 GHz by the nonlinear Arnoldi method. The details of the numerical implementation are contained in [2] . Due to the symmetry of the problem there exist multiple eigenvalues (for instance the second eigenvalue for the case of dot/wl). The Arnoldi method had no problems to detect these multiple eigenvalues with the right multiplicity.
First, we consider the pure quantum dot problem which has 3 energy eigenvalues smaller than the confinement potential V m = 0.395 displayed in the second column of Table 2 . The discretized problem has 46291 degrees of freedom, and it takes 48 seconds to solve it. The envelope functions φ j corresponding to these states are essentially confined to the quantum dot (see first row in Figure 2) .
Next, we emend the quantum dot by a wetting layer of thickness 0.45nm (1.5ML) and 0.6nm (2ML), respectively. In this case there are 4 and 7 eigenvalues smaller Table 2 . They are smaller than the corresponding ones of the pure quantum dot. For instance, the ground and the first excited states are both smaller by 7% for the 1.5ML thick wetting layer and by 10% for the 2ML thick wetting layer. For the comparison the pure wetting layer of the thickness 0.45 has no confined states while 0.6nm thick has 2 confined states. The envelope functions φ 1 , φ 2,3 , φ 4 for the case of a wetting layer of thickness 1.5ML and φ 4 , φ 5 , φ 6,7 for 2ML are displayed in the last two rows in Figure  2 . Once the energy level comes close to the ground state of the quantum well the envelope functions begin to live on the wetting layer too. This happens for the 4th eigenstate φ 4 for both wetting layer thicknesses but the expansion to the wetting layer is more pronounced for the 2ML wetting layer (see Figure 2) . In fact the eigenstates for the 1.5ML thick wetting layer are still quite well confined to the dot while this property gets lost earlier for the wetting layer of thickness 2ML. Furthermore, most of the higher energy states are some combinations of the wetting layer states with the pure dot states (e.g. φ 6,7 in Figure 2 ). The presented example demonstrates that models neglecting the influence of the wetting layer can yield incorrect electronic levels and the committed error grows with the thickness of the neglected wetting layer. A question is justified, how the chosen size of the matrix influences the computed electronic levels. In a case of a pure dot none of the bounded states is influenced by this size as long as the matrix is reasonably larger then the dot, since they are confined to the dot. However with wetting layer the problem is different as the confined states extend to the wetting layer as they come close to the ground state of the wetting layer. The latter is however not affected by the changing the size of the matrix, because it only depends on the thickness of the wetting layer. For a dot on a wetting layer of thickness 1.5ML we observe that increasing the width of the matrix by half (12.4nm) only slightly changes the 4th eigenstate (the first to expand to the wetting layer) and adds three additional bounded states. As we expect one wetting layer transition this is an artifact of the large matrix. For the wetting layer of 2ML this is more dramatic, as already the pure wetting layer for the bigger box has four bounded states (one more then for the smaller matrix). Therefore, while using homogenous Neumann conditions on the side walls of the matrix (certainly appropriate for the ground state of the well) some caution is necessary while choosing the matrix width and interpreting the results, since additional wetting layer states can be introduced.
At this point we would like to assess the accuracy of the one-band nonparabolic effective mass model reproducing the results obtained by other authors for similar dot/wl structures within the eight-band model. Jiang and Singh [15] considered a dot with base length 11.3nm and height 5.65nm on 1.5ML wetting layer. Stier, Grundmann and Bimberg [25] examined dots of base length 10.2 and 13.6nm and height 5.1 and 6.8nm, respectively, and modeled the wetting layer transitions separately. We compute the electronic states for these structures and compare them with those obtained by the other authors. We find the number of confined states in a reasonably good agreement (see Table 3 ). In most of the cases the eight-band model produced one less bounded state, however as seen on 13.6nm dot example this can be due to the strain modelling or the modelling of the wetting layer. A more exact comparison is difficult as different values of parameters and methods for strain computation have been used resulting in different values of the confinement potential and the band gap. Furthermore, with the nonparabolic model we find the WL transition for WL of thickness 1.5ML to be above the confinement potential, while in [25] the authors adapt value -40meV obtained in an earlier work [10] for WL of thickness 1.7ML. For this thickness of WL our approach produced -4.4meV. We should also mention that in [25] the piezoelectric effects are taken into account resulting in splitting of the second level of order 15meV. In general, the one-band nonparabolic model yields qualitatively similar results to the eight band model being considerably less numerically expensive. Now, we examine the coupling between the dots on an example of a vertically aligned array of two quantum dots with wetting layers of thickness 0.45nm. We consider few different distances in range 0-8 nm between the dots. For dots not farther then 2nm apart we count 11 confined states while if the distance at least 4nm, 9 confined states exist. This is in both cases more than the doubled number of the confined states of a corresponding single dot on wetting layer. Figure 4(a) shows the dependence of the confined energy levels on the distance between the dots. For large distances between the dots the lower (first 6) energy levels of the array approach those of a single dot, with the difference that each level is doubled. This process is present, however much slower also for the higher (7th onwards) eigenvalues, which means that the higher excited states easier become coupled also at larger distances. While when the gap decreases the energy levels split in the way shown in Figure 4(a) . This indicates that if dots are sufficiently close to each other also the lower energy levels become coupled by the interaction of the wave functions (cf. ground states in Figure 3 ). In that case it is necessary to simulate a whole array instead of the single dot. As shown in Figure 4 (a) the coupling may lead for instance to swapping of some higher energy levels e.g. 8th and 9th (q.v. Figure 3 the rightmost column). Figure 3 shows in the first column φ 1 for 1nm and 6nm gaps between the dots, respectively. Since the first eigenvalue is always simple, regardless of the size of the gap between the dots a new second energy state is introduced (cf. middle column Figure 3) .
The following examples explore the coupling of electronic states in a vertically aligned array of closely spaced dots. We consider the array from the last paragraph with 1nm gap between the dots and we perturb one of the dots by alteration of its shape or size. First we truncate the tip of the lower pyramid. Figure 4(b) shows the dependence of the first 12 energy levels on the size of the truncated part of the pyramid. While removing a small bit of the dot's top does not significantly change the energy levels, the change becomes perceptible when we cut more and more off. This is not surprising since the envelope functions live mostly on the centre of the pyramid and are hardly affected by removing a small bit of the tip, though for large truncations some changes may be observed. Due to the asymmetry of the dots, the eigenfunctions become partly localised (cf. Figure 5 ) approaching those of a single dot. This alters the energy levels and may even lead to their interchange (9th and the degenerate 10,11th in Figure 4(b) ). The low symmetry of the pyramid justifies the question what happens when we perturb the upper dot in an array. Done so, we find that the energy levels remain almost unchanged while the eigenfunctions behave almost symmetrically. Only for large truncation a very small difference can be observed for the first and second energy level. Actually, this becomes first noticeable while examining the corresponding envelope functions, which exhibit slightly different coupling due to the different geometry (see 1st and 2nd state in Figure 5 ). In both cases the large truncation reduces the number of confined states to 10. Now, we perturb the lower dot by scaling. In this case we observe much stronger dependence on the scaling parameter than it was for the truncation. Figure 4 (c) shows that already a small change in size causes a large change of the energy levels. As for the truncation before we repeat the same experiment but now we scale the upper dot. Though, as before, most of the energy levels remain the same, slight differences in the envelope functions are perceptable already for minor scaling by 0.9 (e.g. 7th eigenstates in the rightmost column in Figure 6 ). Those become more obvious for major scaling by 0.6 (the 4th eigenstates in the left column and 5th in the middle column in the same figure) . In both cases already exiguous variation of size entails a localization of the eigenfunctions. For scaling by 0.9 there are 10 confined states, 1 less than in the case of the original array. While the sizes of both compound dots do not differ much, the eigenfunctions localize alternately to one of the dots e.g. 3,4th and 5,6th eigenstates localise in each case to the larger and smaller dot, respectively. With rising size discrepancy, the number of confined states decreases e.g. for 0.6 value of the scaling parameter there are only 8 confined states. In fact, in this case the first three envelope functions live on the larger dot until the one additional state introduced by the array structure as the consequence of the simplicity of the ground state is reached. This becomes the 4th instead of 2nd energy level owing to the difference in volume of the two dots. Summarizing, generally the energy levels are very sensitive to scaling one of the dots, but it remains secondary which one of them has been scaled. Nevertheless, the symmetry with the respect to the perturbation gets lost much quicker than in the case of the less sensitive perturbation like truncation of the top of the pyramid.
Finally, we examine the four stages of formation of vertically coupled quantum dots shown in Figure 1 . In the following we consider the structures in order of growing distance d between the components. For d = 0 the structure is actually a single quantum dot with the additional wetting layer cutting through it. From the former experience with the wetting layer we expect the additional wetting layer to lower the energy levels even more and this is in fact the case. There are 8 confined states, twice as many as in the case of a single dot on a wetting layer of this thickness but 3 less than for the array of two dots at 1nm distance. Though the ground level and the first and second excited states are confined and therefore less affected the higher energy levels are reduced by up to 5% w.r.t. a single dot on 1.5ML wetting layer. As in a case of a single dot, the envelope functions corresponding to the energy levels from the 4th onwards extend to here both wetting layers. The two following structures d = 1, 2WL can be interpreted as an array of two perturbed dots, the lower one with truncated tip and the other scaled in such a way, that they form a split dot. We observe that essentially all the states for both values of d are distributed among the two dots, but for d = 2WL the first three states seem to be more confined to the upper dot. In both cases there are 8 confined states as for d = 0. The last structure, d = 3WL, is an array composed of a pure wetting layer and a dot on a wetting layer. As expected, the first five energy levels are localized to the dot. Once the envelope functions start to live on the wetting layer the array structure comes to play. The second wetting layer lowers the energy levels which also live on it.We count 8 confined states, however the 9th state is 0.3952, which since our scheme provides upper bounds is well within the error margin and in fact it is possible that there are 9 confined states.
Summarising, a single dot on a wetting layer has 4 and hence, the well separated array, twice as many confined states which number increases to 9 and 11 with decreasing distance between the dots. The vertically coupled dots structures have only 8 up to possibly 9 confined states, however the volume of these structures is less than the volume of the double array structure so the smaller number of confined states is in fact natural. Therefore 8-9 confined states still indicate even stronger coupling which is confirmed by the corresponding envelope functions. As expected, the coupling for d = 0 is slightly smaller than for the others, but the main difference lies in the shape of the eigenfunctions and how they distribute over the structure. It can be observed that once the energy levels approximately reach the value of the ground state of the corresponding pure wetting layers, the behaviour may become less regular as some of the states extend more and some less to the wetting layers.
Conclusions
We used the one-band nonparabolic effective mass model [1] for computation of electronic states in the conduction band. The strain was accounted for by adapting the confining potential and the band gap values according to the model-solid approach in [26] . We found this model being adequate for the InAs/GaAs heterostuctures as our results qualitatively agree with those obtained by other authors with the eightband model [15, 25] . The outstanding advantage of the one-band nonparabolic model is the size of the resulting numerical problem being 1/8 of the size of its eight-band formulation. The nonlinearity of the problem with respect to energy does not decisively increase the computational cost either, since the underlying stationary Schrödinger equation fulfils minmax principle and therefore can be very efficiently numerically handled by iterative projection methods like the nonlinear Arnoldi method. This allowed for the extensive parameter study conveyed in this work. We applied the nonlinear Arnoldi method to various nanostructures composed of quantum dots. The method easily coped with badly separated and even multiple eigenvalues. Our simulations showed that even the 1.5ML thick wetting layer lowers the energy levels and introduces some additional confined states. Once the energy levels come close to the ground state of this quantum well the envelope functions expand to the wetting layer and the confinement for the excited states wears off with the increasing thickness of the wetting layer. Further, we found that all the electronic states of dots in an array are coupled provided their distance is sufficiently small. We demonstrated, that change of shape of one of the compound dots like truncation of its tip must be already larger to have an effect, but then we encounter eigenstate localisation for some of the energy levels. For smaller perturbations the system behaves similarly to the coupled unperturbed system. If the dots vary in size, already a quite small discrepancy has the effect of localising the eigenstates, so that the eigenstates tend towards the states of a single dot. This effect gets amplified with the increasing size difference. All these phenomena come to bear in vertically coupled dot structures and from all our examples they exhibited the strongest coupling of energy states.
For future research it would be interesting to incorporate more complex models including the anisotropy in the conduction band, piezoelectric effects or spin orbit splitting. Another absorbing issue is the behaviour of nanostructures in the presence of magnetic field. In all these situations reliable and efficient algorithms need to be tailored.
